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Abstract 
 A weighted partition generating function defined by a multi-factor Euler 

product using analytic and computational methods. Explicit coefficient formulas are derived via 
convolutions of colored partition functions and Euler-type linear recurrence relations involving 

divisor sums are established. Asymptotic analysis shows that the coefficients exhibit exponential 

growth governed by dominant singularities on the boundary of the unit disk. Numerical evaluation 

based on truncated Euler products is investigated, and three-dimensional surface plots confirm 
stable convergence within the unit disk while indicating increased sensitivity near the dominant 

singularity. The combined results highlight the usefulness of integrating theoretical analysis with 

numerical computation for partition-type generating functions. 
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1. Introduction   

Partition theory provides a 

powerful framework linking additive 

number theory, enumerative 

combinatorics, and several models in 

mathematical physics, largely through 

the use of generating functions and q-

series expansions. Let 𝑃(𝑚),  denote 

the classical partition function, defined 

as the number of unordered 

decompositions of a positive integer 

mmm into a sum of positive integers. 

Its ordinary generating function admits 

the Euler product representation 

𝑃(𝑞) = ∑ 𝑃(𝑚)𝑞𝑚 = ∏(1 − 𝑞𝑚)−1

∞

𝑚=1

∞

𝑚=0

                                           (1) 
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The behaviour of 𝑃(𝑞) as a complex 

function is fundamental in the analytic 

theory of partitions. In particular, the 

function is holomorphic in the unit 

disk and develops its dominant 

singular behaviour as q approaches the 

unit circle, which governs the rapid 

growth of the coefficients P(m). The 

classical circle method of Hardy and 

Ramanujan established the first 

precise asymptotic description of P(m) 

and provided a general approach for 

partition-type sequences [1]. This line 

of research was later sharpened 

through Rademacher’s exact 

convergent series and further 

developments connecting partition 

generating functions with modular 

forms and complex analytic 

techniques [2, 3, 4, 10]. 

Since both the series and the Euler 

product in (1.1) converge uniformly 

on compact subsets of {𝑄 ∈ 𝐶: |𝑞| <
1}, differentiation with respect to 𝑞 is 

justified and may be carried out 

termwise [3, 5]. Such differentiation 

naturally produces new generating 

functions encoding weighted partition 

statistics and refined invariants, 

including those related to rank and 

crank phenomena [3, 4, 6]. More 

generally, analytic control of these 

generating functions supports the 

derivation of identities, recurrence 

relations, and asymptotic expansions 

by combining tools from q-series, 

modular forms, and complex analysis 

[2, 6, 10]. Analogous analytic 

considerations also appear in statistical 

mechanics, where partition functions 

represent thermodynamic quantities: 

smooth dependence on parameters 

corresponds to analyticity, while 

singularities are closely associated 

with critical behaviour and phase 

transitions [11, 12]. 

  In this work, we focus on the 

analyticity and differentiability of 

partition and colored partition 

generating functions. We identify 

conditions under which these 

functions possess derivatives of 

arbitrary order and examine the 

consequences of these properties for 

partition identities and structural 

results, thereby enriching the analytic 

framework of partition theory. 

Colored partition functions 

extend the classical theory of 

partitions by permitting each part to 

appear in a fixed number of distinct 

colors. Let 𝑃𝑟(𝑚) denote the number 

of partitions of a positive integer 𝑚 in 

which every part is available in 𝑟 

colors [5]. The corresponding 

generating function is 

𝑃𝑟(𝑞) = ∑ 𝑃𝑟(𝑚)𝑞𝑚 = ∏(1 − 𝑞𝑚)−𝑟                                            (2)

∞

𝑚=1

∞

𝑚=0

 

From the standpoint of 

complex analysis, the above infinite 

product converges absolutely and 

uniformly on compact subsets of the 

open unit disk ∣q∣ < 1. As a result, 

𝑃𝑟(𝑞) is analytic in this region and 

possesses derivatives of all orders with 

respect to 𝑞. This property legitimizes 

term wise differentiation of the 

generating function and leads to new 

series whose coefficients represent 

weighted and refined colored partition 

functions. 

The differentiability of 𝑃𝑟(𝑞) is a 

key tool in establishing identities, 

recurrence relations, and structural 

properties of colored partitions. 

Furthermore, the analytic behavior of 

these generating functions allows the 

effective application of techniques 

from q-series, modular forms, and 

analytic number theory. Therefore, 
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examining the analyticity and 

differentiability of colored partition 

functions enriches the theoretical 

foundation of partition theory and 

opens avenues for further 

generalizations. 

 

1.1. Continuity of Partition and 

Colored Partition Functions: 

Continuity is one of the basic 

analytic properties required for a 

rigorous study of partition generating 

functions and their extensions. For 

both the classical partition function 

and colored partition functions, 

continuity follows directly from the 

convergence behavior of the 

associated power series and infinite 

products. 

 

1.2. Continuity of the Classical 

Partition Generating Function: 

The generating function of 

ordinary partition function 𝑃(𝑚) is 

converges absolutely and uniformly on 

closed disks contained in the unit disk. 

Since each partial sum is a continuous 

function of 𝑞, uniform convergence 

implies that the limiting function 𝑃(𝑞) 

is continuous in|𝑞| < 1. An equivalent 

conclusion is obtained from the 

infinite product representation, as each 

factor(1 − 𝑞𝑛)−1 is continuous and 

the product converges uniformly on 

compact subsets of the domain. 

 

Let 𝑄 ⊂ C and letℎ: 𝑄 → 𝐶 be a 

complex-valued function. 

The function h is said to be 

continuous at a point 𝑞0 ∈ 𝑄 if for 

every 𝜀 > 0 there exists 𝛿 > 0 such 

that |𝑞 − 𝑞0| < 𝛿 ⇒  |ℎ(𝑞) −
ℎ(𝑞0)| < 𝜀. 

If ℎ is continuous at every point of 𝑄, 

then h is said to be continuous on 𝑄. 

Equivalently, a function is continuous 

at 𝑞0  if 

lim
𝑞→𝑞0

ℎ(𝑞) = ℎ(𝑞0) 

1.3. Continuity of Colored 

Partition Generating Function: 

Let  𝑟 ∈ 𝑁 and let 𝑃𝑟(𝑚) denote the 

number of r-colored partitions of a 

nonnegative integer m.  

When viewed as a function of 

the complex variable 𝑞, the generating 

function 𝑃𝑟(𝑞)is continuous in the 

open unit disk 𝑄 = {𝑞 ∈ 𝐶: |𝑞| < 1}. 

This follows from the fact that, for any 

fixed  

𝑠 < 1, the infinite product converges 

uniformly on the closed disk|𝑞| ≤ 𝑠. 

Each factor (1 − 𝑞𝑛)−𝑟 is continuous 

for |𝑞| < 1∣, and uniform convergence 

of the partial products guarantees 

continuity of the limit function. 

Continuity generally fails on 

the boundary |𝑞| = 1 because the 

factors (1 − 𝑞𝑛)−𝑟develop 

singularities as q approaches roots of 

unity. Therefore, 𝑃𝑟(𝑞) is continuous 

on every compact subset of 𝑄, but not 

extendable as a continuous function to 

the entire unit circle. 

The continuity of both 𝑃(𝑞) 

and 𝑃𝑟(𝑞) provides the necessary 

analytic groundwork for further 

investigations. It justifies subsequent 

operations such as differentiation and 

analytic continuation and supports the 

application of methods from complex 

analysis, 𝑞-series, and modular form 

theory. Moreover, continuity is 

essential for studying limiting 

behavior as 𝑞 approaches the 

boundary of the unit disk, which is 

closely linked to asymptotic properties 

of partition functions. 
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2.  𝒓-Colored Partition 

Function of an integer 𝒎 

with same number of parts 

 

The 𝑟-color Partition of an 

integer  𝑚 is the combination of copies 

of integer m with respect to the 

corresponding color 𝑟. To illustrate the 

effect of coloring on the growth of 

partition functions, we present in table 

a numerical comparison of the 

ordinary partition function 𝑃(𝑚) and 

the 𝑟-colored partition functions 

𝑃𝑟(𝑚) for 1 ≤ 𝑟 ≤ 10 and 0 ≤ 𝑚 ≤
15. The table serves as a 

computational complement to the 

analytic results discussed earlier and 

offers insight into the dependence of 

partition growth on the number of 

colors. 

 

 
Table:1.1 

The data illustrate the rapid increase in the number of partitions as the 

number of available colors grows. For fixed 𝑚, the sequence 𝑃𝑟(𝑚) is strictly 

increasing in 𝑟, reflecting the additional combinatorial freedom introduced by 

coloring. Even for small values of 𝑚, colored partition numbers dominate the 

ordinary partition function, highlighting their faster growth rate. This behavior is 

consistent with the known asymptotic formula for 𝑃𝑟(𝑚), in which the exponential 

growth term depends explicitly on the number of colors 𝑟. This behavior is consistent 

with the exponential growth predicted by the asymptotic relation 

𝑃𝑟(𝑚) ≈  𝑒
(𝜋√2𝑟𝑚

3 )
, 𝑚 → ∞. 
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If 𝑃𝑟(𝑚)  be 𝑟-colored partition function of an integer 𝑚, then asymptotic relation of 

the partition generating function is  

𝑃𝑟(𝑚) =  
1

(2𝜋)
(𝑟+1)

2

𝑚
−(𝑚+3)

4 𝑒
(𝜋√2𝑟𝑚

3
)

, 𝑚 → ∞,                        (3) 

where  𝑟 and  𝑚 are positive integers.  

This function captures asymptotic behavior commonly observed in combinatorial 

sequences and partition-type problems. 

The logarithmic representation of this function is 

𝑙𝑜𝑔𝑃𝑟(𝑚) = −
(𝑟 + 1)

2
log(2𝜋) −

(𝑚 + 3)

4
log 𝑚 +  𝜋√

2𝑟𝑚

3
                         (4) 

  Due to the combination of the algebraic decay term 𝑚
−(𝑚+3)

4  and the rapidly 

growing exponential 𝑒
(𝜋√

2𝑟𝑚

3
)
 a graphical representation is particularly useful to 

visualize growth trends across different values of r and m, highlight asymptotic 

behavior and the dominance of the exponential term for large mmm and understand 

surface behavior in a 3D context by plotting 𝑃𝑟(𝑚)  against 𝑚 and 𝑟. 
 

3. Results and discussion 

To better understand the 

behaviour of the function 𝑃𝑟(𝑚), we 

generated 3D surface plots illustrating 

both 𝑃𝑟(𝑚) and its 

logarithm 𝑙𝑜𝑔𝑃𝑟(𝑚). The plot of 

𝑃𝑟(𝑚) clearly shows the rapid 

exponential growth of the function as 

𝑚 increases, while the logarithmic plot 

highlights the asymptotic trends and 

dependence on the parameter 𝑟 in a 

more interpretable manner. These 

visualizations provide an intuitive 

representation of the function’s growth 

and the interplay between the 

algebraic decay and exponential terms, 

which are difficult to discern from the 

formula alone.  

 

 
Fig. 1: plot of the function 𝑃𝑟(𝑚)  

 

Combined visualization of the function Pr(m), the left panel shows the filled 

contour plot of Pr(m)over the parameter domain, while the right panel presents the 
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corresponding 3D surface. The surface is characterized by a sharply localized peak, 

reflecting the rapid variation of Pr(m) across the (r, m) - plane. 

 

 
Fig. 2: plot of the function  𝑙𝑜𝑔𝑃𝑟(𝑚) 

 

Since the function 𝑃𝑟(𝑚) 

varies across several orders of 

magnitude as 𝑟 and 𝑚 change, its 

direct 3D surface plot is dominated by 

a narrow peak, while most of the 

remaining region appears nearly flat 

and close to zero. To obtain a more 

informative global visualization, this 

transformation preserves the relative 

ordering of values and the location of 

extrema because the logarithm is 

strictly monotone, while 

simultaneously compressing large 

values and expanding small values. As 

a result, the plot of  reveals the 

underlying geometric structure more 

clearly, including smooth gradients 

and ridge-like regions that are not 

visible in the original scale. Moreover, 

taking logarithms yields the explicit 

decomposition log 𝑃𝑟(𝑚), which 

makes the competing growth and 

decay mechanisms transparent and 

supports asymptotic and numerical 

interpretation. 

The linear plot of 𝑃𝑟(𝑚)  

shows the rapid exponential growth, 

which quickly becomes numerically 

large, while the logarithmic plot 

log 𝑃𝑟(𝑚) clearly reveals the 

underlying asymptotic trends and 

parameter dependence. Comparing 

both plots highlights how logarithmic 

scaling provides an intuitive view of 

growth behavior and makes the 

function’s structure easier to analyze. 

The figures were created using Python 

for numerical computation and 

plotting. 

 

Theorem 3.1 

 

If 𝑃𝑟(𝑚) is 𝑟-colored partition of an 

integer 𝑚, let { 𝑃𝑟(𝑚)}𝑚≥0 be a 

sequence for 𝑟 colored partition of 𝑚 

and who’s ordinary generating 

function has the form 

𝛿(𝑦) =  ∑ 𝑃𝑟(𝑚) 𝑦𝑚

𝑚≥0

=
𝜗(𝑦)

(1 − 𝑦)𝑘𝜌(𝑦)
                                         (5) 

where 𝜗(𝑦) is a polynomial, k ≥ 0 is 

an integer and  
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 𝜌(𝑦) = 1 − 𝑎1𝑦 − 𝑎2𝑦2 − ⋯ −
𝑎𝑡𝑦𝑡 ,    𝜌(0) =

1.                                             (6)   

is a polynomial with 𝜌(0) = 1. 

The recursive formula of the sequence 

is  

 𝑃𝑟(𝑚)

= ∑ 𝑎𝑖𝑃𝑟(𝑚 − 𝑖) + 𝑝𝑘−1(𝑚),     𝑚

𝑡

𝑖=1

≥ 𝑡 ,                                (7) 

where 𝑝𝑘−1(𝑚) is a polynomial in m 

of degree at most 𝑘 − 1.  

 

Lemma 3.1 

 

Let 

𝐴(𝑦)

=  ∑ 𝑓𝑚 𝑦𝑚

𝑚≥0

= 
𝜗(𝑦)

𝜌(𝑦)
,                                               (8) 

where 𝜗(𝑦) is a polynomial and 𝜌(𝑦) 

is given by (2.2). 

Then the coefficients {𝑓𝑚} satisfy 

𝑓𝑚

= ∑ 𝑎𝑖𝑓𝑚−𝑖,         𝑚

𝑡

𝑖=1

≥ 𝑡                                                                 (9) 

Proof: 

From (8) we have 

𝐴(𝑦)𝜌(𝑦)
= 𝜗(𝑦).                                                                 (10) 

Expanding 𝜌(𝑦) gives 

(1 − 𝑎1𝑦 − 𝑎2𝑦2 − ⋯

− 𝑎𝑡𝑦𝑡) ∑ 𝑓𝑚 𝑦𝑚

𝑚≥0

= 𝜗(𝑦).                         (11) 

Equating coefficients of 𝑦𝑚 yields 

𝑓𝑚

− ∑ 𝑎𝑖𝑓𝑚−𝑖

min (𝑡,𝑚)

𝑖=1

= [𝑦𝑚]𝜗(𝑦)                                                                          (12) 

Since 𝜗(𝑦) is a polynomial, the 

coefficient [𝑦𝑚]𝜗(𝑦) vanishes for all 

sufficiently large 𝑚. In particular, for 

all 𝑚 ≥ 𝑡 beyond deg (𝜗), equation 

(2.8) reduces to 

𝑓𝑚 = ∑ 𝑎𝑖𝑓𝑚−𝑖.

𝑡

𝑖=1

 

Hence (9) holds.  

    

      □ 

 

Proof of Theorem 3.1 

Multiply both sides by (1 − 𝑦)𝑘𝜌(𝑦) 

in (5) 

(1 − 𝑦)𝑘𝜌(𝑦)𝛿(𝑦)
=  𝜗(𝑦)                                                                 (13) 

the auxiliary power series of (12) is  

𝑃(𝑦) = (1 − 𝑦)𝑘𝜌(𝑦)

= ∑ 𝑝𝑚𝑦𝑚                                                    (14)

𝑚≥0

 

Then (13) becomes 

𝑃(𝑦)𝛿(𝑦)
=  𝜗(𝑦)                                                                                   (15) 

By Lemma 2.1, the coefficients {𝑝𝑚} 

satisfy the homogeneous recurrence 

𝑝𝑚

= ∑ 𝑎𝑖𝑝𝑚−𝑖 ,         𝑚

𝑡

𝑖=1

≥ 𝑡                                                                 (16) 

Since  
(1 − 𝑦)𝑘

= ∑(−1)𝑗 (
𝑘
𝑗

) 𝑦𝑗,                                                            (17)

𝑘

𝑗=1

 

Substituting (17) into (15) and 

isolating 𝑃𝑟(𝑚) gives a linear 

recurrence for 𝑃𝑟(𝑚). 

Since the coefficients of (1 − 𝑦)𝑘are 

binomial polynomials in mmm, this 
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additional contribution can be written 

as a polynomial 𝑝𝑘−1(𝑚) with  

deg(𝑝𝑘−1) ≤ 𝑘 − 1. 
Therefore, for all 𝑚 ≥ 𝑡 the recurrence 

(2.2) holds.                                                     

□ 

When 𝑘 = 0 in (5), the 

recurrence reduces to a homogeneous 

linear recurrence with polynomial 

coefficients. For 𝑘 ≥ 1, the presence 

of a polynomial forcing term of degree 

𝑘 makes the recurrence non-

homogeneous. 
 

Applications 

1. If k = 2 and 𝜌(𝑦) = 1 − 𝑦 −  𝑦2 

in (5), this becomes  𝛿1(𝑦) =
1−𝑦

(1−𝑦)2(1−𝑦−𝑦2)
  and (6) 

becomes 𝑐𝑚 = 2𝑐𝑚−1 − 𝑐𝑚−2 +

𝐹𝑚−1, where 𝐹𝑚−1 is Fibonacci 

sequence. The Sequence 

corresponds to 𝑘 = 2 and 𝜌(𝑦) =

1 − 𝑦 − 𝑦2, yielding Fibonacci-

type exponential growth.  

2. If 𝑘 = 1 and 𝜌(𝑦) = 1 − 2𝑦 −

 𝑦2 + 𝑦3 in (5), this becomes  

 δ2(y) =
1+2y+4y2

(1−y)2(1−2y− y2+y3)
  and 

(6) becomes 𝑐𝑚 = 2𝑐𝑚−1 +

𝑐𝑚−2 − 𝑐𝑚−3 + 1. The Sequence 

corresponds to 𝑘 = 1 and 𝜌(𝑦) =

1 − 2𝑦 −  𝑦2 + 𝑦3, yielding 

exponential growth with a 

different base. 

3. If 𝑘 = 6 and 𝜌(𝑦) = 1 in (5), this 

becomes  𝛿1(𝑦) =
1+𝑦+𝑦2

(1−𝑦)6   also 

(6) becomes 𝑐𝑚 = (
𝑚 + 5

5
) +

𝑂(𝑚4). The Sequence 

corresponds to 𝑘 = 6 and 𝜌(𝑦) =

1, yielding pure polynomial 

growth of order 4. 

The mathematical description of the 

results illustrated by the Table 1.1 and 

expressed in terms of relations among 

the values of 𝑃𝑟(𝑚). 

 

3.1 Monotonicity in the Number 

of Colors 

For each fixed 𝑚 ≥ 1, the colored 

partition numbers increase with the 

number of colors 𝑟, 

𝑃1(𝑚) < 𝑃2(𝑚) < 𝑃3(𝑚) < ⋯  
< 𝑃𝑟(𝑚) 

or more generally, for any 𝑟1 < 𝑟2, 

𝑃𝑟1
(𝑚) < 𝑃𝑟2

(𝑚) 

This follows directly from the 

generating function identity 

𝑃𝑟(𝑞) =  (𝑃1(𝑞))𝑟, since increasing 𝑟 

corresponds to taking higher powers 

of the series with non-negative 

coefficients. 

 

3.2 Growth with Respect to 𝒎 

For fixed 𝑟, the sequence {𝑃𝑟(𝑚)}  is 

strictly increasing: 

𝑃𝑟(𝑚) < 𝑃𝑟(𝑚 + 1), 𝑚 ≥ 1, which 

reflects the combinatorial fact that 

partitions of 𝑚 + 1 can be constructed 

by adding a part to partitions of 𝑚. 

 

3.3 Convolution Formula 

The table values satisfy the 

inequalities 𝑃(𝑚) = 𝑃1(𝑚) < 𝑃𝑟(𝑚) 

for all 𝑟 > 1, and more generally, by 

the binomial expansion of generating 

functions, 

𝑃𝑟(𝑚)

= ∑ 𝑃(𝑚1)𝑃(𝑚2) … 𝑃(𝑚𝑟)

𝑚1+ 𝑚2+ … + 𝑚𝑟= 𝑚

, 𝑟

≥ 1 

where the sum is over all non-negative 

integers 𝑚1, 𝑚2, … 𝑚𝑟 summing to m. 

This explicitly shows that 𝑃𝑟(𝑚) is a 

convolution of 𝑟 ordinary partition 

sequences. 
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4. Restricted 2-Colored 

Partition Function with 

Triple function and its 

Analyticity.   

Infinite q-products play a central 

role in combinatorics and number 

theory, capturing structures such as 

integer partitions, color-constrained 

partitions, and sequences with 

arithmetic restrictions. These 

generating functions reveal deep links 

between enumeration and the analytic 

properties of series, forming the 

foundation for MacMahon-type q-

series, Rogers–Ramanujan identities, 

and related results. 

In this session, we consider the infinite 

product of restricted 2-colored 

partition function with product of 

three factors 𝑃2,3(𝑚) is defined by 

𝐹(𝑞)

= ∑ 𝑃2,3(𝑚)

𝑚≥0

= ∏
1

(1 − 𝑞𝑚)2(1 − 𝑞4𝑚−2)2(1 − 𝑞4𝑚)2                        (18)

∞

𝑚=1

 

which integrates three distinct 

arithmetic sequences, each appearing 

with multiplicity two, into a single 

generating function. The first factor 

represents partitions with two colors 

over all positive integers, the second 

factor corresponds to two-colored 

partitions over 2, 6, 10, …and the third 

factor covers multiples of four. 

To the best of our knowledge, 

the infinite 𝑞-product 𝐹(𝑞) and the 

combinatorial and analytic results 

presented here are original and have 

not appeared in previous literature. 

 

 
 

The surface plot highlights the dominant singular behavior of  𝐹(𝑞) near 𝑞 = 1, 

while confirming bounded and analytic behavior within the unit disk. These features 

are consistent with the derived asymptotic growth and validate the analytic 

framework used in this study.  
 

Theorem 4.1 
 

Let {𝑃2,3(𝑚)} be the sequence 

of 2-colored restricted partition 

function with product of three factors. 

Then the general term of the sequence 

{𝑃2,3(𝑚)} is  

http://www.thebioscan.com/


21(3):  41-51, 2026 www.thebioscan.com 

 

 

 

 

 

 

50 

 

𝑃2,3(𝑚)

=  ∑ ∏(𝑎𝑛

𝑛≥1𝑎𝑛, 𝑏𝑛,𝑐𝑛≥0

∑ 𝑛𝑎𝑛+∑(4𝑛−2)𝑏𝑛+∑ 4𝑛𝑐𝑛=𝑚

+ 1)(𝑏𝑛 + 1)(𝑐𝑛 + 1), 𝑚 ≥ 0.     (19) 

The triple convolution recursive 

formula of this sequence is 

𝑃2,3(𝑚)

= ∑ ∑ 𝑝2(𝑖) 𝑏(𝑘 − 𝑖)𝑐(𝑚

𝑘

𝑖=0

𝑚

𝑘=1

− 𝑘),   𝑃0,3

= 1                                            (20)  
The equation (20) provides a 

combinatorial interpretation and 

𝑃2,3(𝑚) counts generalized 2-colored 

partitions of 𝑚 using three distinct 

arithmetic progressions with 

multiplicity two. 

      This allows efficient computation 

of coefficients and reflects the 

interplay of the three sequences. 

 

4.1. Analytical Properties and 

Asymptotic Behavior 

The infinite product 𝐹(𝑞) admits 

several analytic interpretations, 

providing insights into the growth of 

its coefficients {𝑃2,3(𝑚)}. 
4.1.1. Radius of Convergence 

and Singularities 

Since each factor (1 − 𝑞𝑠)−2 of 

infinite product 𝐹(𝑞) is analytic 

for |𝑞| < 1. The dominant singularity 

at  |𝑞| = 1 governs asymptotic 

growth. Singularities at roots of unity 

are subdominant and do not affect 

leading-order asymptotic. 

4.1.2. Relation to Eta 

Functions and Modular 

Forms. 

Each factor (1 − 𝑞𝑠)−2 we can be 

expressed as Dedekind eta 

function 𝜑(𝜏), that is 
1

(1−𝑞𝑠)2 ~  
1

𝜑(𝑠𝜏)2   up to multiplicative 

powers of 𝑞. 

Hence                   

𝐹(𝑞)~  
1

𝜑(𝜏)2𝜑(2𝜏)2𝜑(4𝜏)2 

4.1.3. Asymptotic Growth of 

Coefficients 

By Tauberian and saddle-point 

methods, the partition 𝑃2,3(𝑚) can be 

derived as  

𝑃2,3(𝑚)~𝐴 𝑚−𝛼 exp(𝜋√𝛽𝑚), 𝑚 →

∞, with constants 𝐴, 𝛼, 𝛽 > 0 

 

 

5. Conclusion 

Analytic and computational 

results were established for a weighted 

partition generating function defined 

by a structured Euler product. Explicit 

coefficient formulas, Euler-type 

recurrence relations, and asymptotic 

growth estimates were derived. 

Truncated-product computations 

exhibited stable behaviour inside the 

unit disk and rapid growth near the 

unit-circle boundary, consistent with 

the predicted dominant singular 

behaviour. Future research will 

consider more general Euler products, 

congruence properties modulo primes 

and prime powers, and sharper 

truncation-error bounds for accurate 

evaluation near the unit circle..  
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